We briefly review motivation and results of the approach to QCD vacuum as a medium describable in terms of statistical ensemble of almost everywhere constant Abelian (anti-)self-dual gluon fields. An overview of the hadronization formalism based on this ensemble is presented. New results for radial excitations of light, heavy-light mesons and heavy quarkonia are presented. A possible interrelation between the present approach and holographic QCD with harmonic confinement is outlined.
Introduction
In recent years, the approaches to confinement based on the ideas of the soft wall ADS/QCD model and light front holography demonstrated an impressive phenomenological success 19, 21 . The crucial features of these approaches are the particular dilaton profile ϕ(z) = κ 2 z 2 and the harmonic oscillator form of the confining potential as the function of fifth coordinate z . In this respect holographic QCD can be seen as relative to the formalism developed by Leutwyler and Stern in a series of papers devoted to the covariant description of bilocal meson-like fields Φ(x, z) combined with the idea of harmonic confinement 20 . In this paper we briefly review the approach to QCD bosonization based on the representation of QCD vacuum in terms of the statistical ensemble of almost everywhere homogeneous Abelian (anti-)self-dual gluon fields, calculate the spectrum of radial meson excitations and their decay constants. We outline the possible This is an Open Access article published by World Scientific Publishing Company. It is distributed under the terms of the Creative Commons Attribution 3.0 (CC-BY) License. Further distribution of this work is permitted, provided the original work is properly cited.
relation of the soft wall AdS/QCD and light-front holography ideas with this, at first sight, completely different approach. The character of meson wave functions in our approach 11 is predetermined by the form of the gluon propagator in the background of vacuum gluon field. These wave functions are almost identical to the wave functions of the soft wall AdS/QCD with quadratic dilaton profile. In both cases we are dealing with the generalized Laguerre polynomials as the functions of z. In the hadronization approach of Refs. 11 and 12 the fifth coordinate z appears as the relative distance between quark and antiquark in the center of mass coordinate system, while the center of mass coordinate x represents the space-time point where the extended meson field is localized.
The physical origin for the particular form of dilaton profile in ADC/QCD and light front holography as well as the harmonic potential in the Stern-Leutwyler consideration, and, hence, for the Laguerre polynomial form of the meson wave functions, could not be identified within these approaches themselves. On the contrary, the approach based on bosonization in the background gluon fields links the required by the meson phenomenology form of the meson wave functions to a particular picture of QCD vacuum.
The paper is organized as follows. Section 2 is devoted to motivation of the approach. Effective meson action is considered in section 3. Results for the masses, transition and decay constants of various mesons are presented in section 4. In the last section we outline possible relation between hadronization approach and the formalism of the soft wall AdS/QCD model.
Domain wall network as QCD vacuum
Functional integral approach to quantization of QCD requires certain conditions defining the functional space of fields to be integrated over (see, e.g., Ref.1). In the very basic representation of the Euclidean functional integral for QCD,
integration spaces F B for gluon and Ψ for quark fields have to be specified. Bearing in mind a nontrivial QCD vacuum structure encoded in various condensates, one have to define F B allowing gluon fields with nonzero classical action density,
The value of B is allowed to be nonzero. Separation of modes B a µ responsible for nonzero condensates from the small perturbations Q a µ must be supplemented with gauge fixing. Background gauge fixing condition D(B)Q = 0 is the most natural choice. To perform separation, one inserts identity
in the functional integral and arrives at
Thus defined quantum effective action S eff [B] has a physical meaning of the free energy of the quantum field system in the presence of the background gluon field B a µ . In the limit V → ∞ global minima of S eff [B] determine the class of gauge field configurations representing the equilibrium state (vacuum ) of the system.
Quite reliable argumentation in favor of (almost everywhere) homogeneous Abelian (anti-)self-dual fields as dominating vacuum configurations was put forward by many authors. Pagels and Tomboulis showed 3 that these background fields represented a medium infinitely stiff to small color charged field fluctuations. This feature was interpreted as suggestive for confinement of color. A comprehensive analysis of homogeneous fields was done by Leutwyler 2 . Abelian (anti-)self-dual covariantly constant fields were shown to be the only constant fields free from tachyonic modes. Furthermore, propagators of color charged fields in constant background Abelian (anti-)self-dual field are entire analytical functions of momentum, which has been treated as confinement of color 4 . Calculation of QCD quantum effective action in functional renormalization group approach 6 supported the results of one-loop calculations 3,5,2 and indicated the existence of a minimum of the effective potential for nonzero value of Abelian (anti-)self-dual homogeneous gluon field .
Ginzburg-Landau (GL) approach to the quantum effective action indicated a possibility of the domain wall network formation in QCD vacuum resulting in the the dominating vacuum gluon configuration seen as an ensemble of densely packed lumps of Abelian (anti-)self-dual field 7 . This conclusion is based on the observation that assumption about the nonzero scalar gluon condensate leads to existence of twelve discrete degenerate global minima of the effective action.
where " ± " denotes (anti-)self-duality and matrixn k belongs to Cartan subalgebra of su(3)
The minima are connected by the parity and Weyl group reflections. Their existence indicates that the system is prone to the domain wall formation. To demonstrate the simplest example of domain wall interpolating between the self-dual and antiself-dual Abelian configurations, one allows the angle ω between chromomagnetic and chromoelectric fields to vary and restricts other degrees of freedom of gluon field to their vacuum values. In this case GL Lagrangian leads to the sine-Gordon equation for ω with the standard kink solution (for details see Ref . 7) ω(x ν ) = 2 arctan (exp(µx ν )) .
Away from the kink location vacuum field is almost self-dual (ω = 0) or antiself-dual (ω = π). Exactly at the wall it becomes purely chromomagnetic (ω = 0). Domain wall network is constructed by means of the kink superposition. In general kink can be parametrized as
where µ i is inverse width of the kink, η i ν is a normal to the wall and q i = η i ν x ν are coordinates of the wall. A single lump in two, three and four dimensions is given by
for k = 4, 6, 8, respectively. The general kink network is then given by the additive superposition of lumps
Topological charge density distribution for a network of domain walls with different width is illustrated in Fig.1 .
Fig. 1. Topological charge density for domain wall networks with different values of µ. The leftmost picture is an example of confining almost everywhere homogeneous Abelian (anti-)self-dual fields. Blue (red) color corresponds to the self-dual field (anti-self-dual), green -pure chromomagnetic field.
Hadronization within the domain model of QCD vacuum
The haronization formalism based on domain model of QCD vacuum was elaborated in the series of papers 11, 12, 8, 13 . We refer to these papers for most of the technical details omitted in this brief presentation. 
where scale Λ and mean domain radius R are parameters of the model related to the scalar gluon condensate and topological susceptibility respectively 8 . The measure of integration over ensemble of background fields is defined as
Once measure of integration for background field is specified, one may return to functional integral of QCD and, recalling the definition of Green's functions,
, arrive at the representation
where j a µ (x) =ψ(x)γ µ t a ψ(x) is the quark current. By construction the gauge coupling constant g here appears to be renormalized within some appropriate renormalization scheme, and the n-point correlators are exact renormalized n-point gluon Green functions of pure gauge theory in the presence of the background field B. Needless to say that exact form of the Green functions is not known, and certain reliable approximations have to be introduced. We truncate the exponent in W [j] up to the four-fermion interaction term and approximate the two-point correlation function by the gluon propagator in the presence of homogeneous Abelian (anti-)selfdual field neglecting radiative perturbative corrections (for details see Refs.11, 12, 13). The randomness of domain ensemble is taken into account implicitly by means of averaging the quark loops over all possible configurations of the homogeneous background field at the final stage of derivation of the effective meson action 12,13 . Approximated functional integral reads
where m is a diagonal quark mass matrix. By means of the Fiertz transformation of color, Dirac and flavour matrices the four-quark interaction can be rewritten as
where numerical coefficients C J are different for different spin-parity J = S, P, V, A.
Here bilocal color neutral quark currents
are singlets with respect to the local background gauge transformations,B µν denotes background field strength in the fundamental representation, and i, f and α are color, flavour and space-time indices respectively. In the center of quark mass coordinate system bilocal currents take the form
and their interaction is described by the action where x µ -center of mass coordinates, and z µ -relative coordinates of quark and antiquark and Λ 2 = √ 3B/2. Function D(z) originates from the gluon propagator in the presence of the homogeneous Abelian (anti-)self-dual gluon field. It differs from the free massless scalar propagator by the Gaussian exponent, which completely changes the IR properties of the propagator. In momentum representation it takes the form
It is important that the gluon condensate encoded in the background vacuum field under consideration removes the pole from the propagator which can be treated as dynamical confinement. The same property is characteristic for the quark propagator in the homogeneous as well as domain structured 8 Abelian (anti-)self-dual gluon field. Momentum representation H f (p|B) of the translation invariant part of the quark propagator in the presence of the homogeneous background field,
is an entire analytical function of momentum: There are two equivalent ways to derive effective meson action based on the functional integral (8) with the interaction term L taken in the form (9) . The first one is a bosonization of the functional integral in terms of bilocal meson-like fields (see for example Ref. 22) . We shall return to this option in the discussion section. Another, more transparent in our opinion way is to decompose the bilocal currents over complete set of functions f nl µ1...µ l (z) characterized by the radial quantum number n and orbital momentum l and orthogonal with the weight determined by the gluon propagator (10) in Eq. (9),
The choice of functions f nl (z) is unambiguously determined by the gluon propagator
where
µ1...µ l are irreducible tensors of four-dimensional rotational group, and generalized Laguerre polynomials L nl obey relation The weight ρ l (u) originates from the gluon propagator (10) . Nonlocal quark currents J aJln µ1...µ l with complete set of meson quantum numbers depend only on the center of mass coordinate x 12,13 ,
and the four-fermion interaction takes the form
Further technical details of decomposition of bilocal quark currents and bosonization can be found in Ref. 12, 13 . By means of bosonization the truncated QCD functional integral can be rewritten in terms of the composite colorless meson fields:
where Q denotes all meson quantum numbers. Meson-meson interactions are described by by k-point nonlocal vertices Γ
Vertices are expressed via quark loops G
Bar denotes integration over all configurations of the background fields. Meson vertex functions include in general several one-loop diagrams correlated via the background field. Geometrically, the n-point correlator Ξ n (x 1 , . . . , x n ) is given by a volume of overlap of n four-dimensional hyperspheres 13 . The mass spectrum M Q of mesons and quark-meson coupling constants h Q are determined by the quadratic part of the effective meson action via equations
whereΠ Q (p 2 ) are the eigenvalues of the two-point vertexΓ with the radial meson wave functions proportional to generalized Laguerre polynomials, φ nJ = R J−3/2 κ 1+l z l−J+2 L l n (κ 2 z 2 ), which is a solution of the corresponding eigenvalue problem in differential form. In this case the meson masses correspond strictly to Regge spectrum.
There are obvious differences between two actions. There are four z-coordinates in (16) and, hence, the meson wave function contains angular part, and it is not immediately clear where AdS metrics could come from in representation (16) . Apart from this, the feature in common is the Gaussian weight function in the actions which in both cases plays the most important role for phenomenological output. One gets an impression that the form of dilaton profile in soft wall AdS/QCD approach can be linked to the gluon propagator and thus to the properties of QCD vacuum. So far this observation looks as superficial one and requires more profound consideration.
